Abstract. Ancient solutions of Lagrangian mean curvature flow in C n naturally arise as Type II blow-ups. In this extended note we give structural and classification results for such ancient solutions in terms of their blow-down and, motivated by the Thomas-Yau Conjecture, focus on the almost calibrated case. In particular, we classify Type II blow-ups of almost calibrated Lagrangian mean curvature flow when the blow-down is a pair of transverse planes or, when n = 2, a multiplicity two plane. We also show that the Harvey-Lawson Clifford torus cone in C 3 cannot arise as the blow-down of an almost calibrated Type II blow-up.
Introduction
Ancient solutions are known to occur naturally in the theory of mean curvature flow as Type II blow-ups of singularities of a flow, see for example [6] . In this article we study ancient solutions to Lagrangian mean curvature flow (LMCF for short) in C n , that is, solutions (L t ) t∈I which exist for all t ∈ I = (−∞, 0). Neves [14] has shown that in the zero Maslov class case, no singularities of Type I can form and that singularities are, in a sense, unavoidable without further assumptions [16] . Even more, Neves shows that in this case any tangent flow consists of a finite union of special Lagrangian cones. Thus, to better understand singularity formation, a first step is to classify ancient solutions which arise as a Type II blow-up.
The Thomas-Yau Conjecture [23] asserts that the long-time existence and convergence of solutions to LMCF which are almost calibrated (see Definition 2.9) is equivalent to a "stability condition", as is the case for Hermitian-Yang-Mills flow. Motivated by this conjecture, we focus on almost calibrated ancient solutions to LMCF. It is worth observing that the almost calibrated condition rules out the singularities constructed in [16] . The stability condition in [23] is given in terms of the Lagrangian angle; see [10] instead for conjectures relating long-time existence and convergence of LMCF to Bridgeland stability conditions and Fukaya categories.
As a consequence of Huisken's monotonicity formula, a blow-down of an ancient solution to mean curvature flow with uniformly bounded area ratios subconverges to a self-similarly shrinking (weak) mean curvature flow. In this paper we study the blow-down of ancient solutions to LMCF with the aim of using this to characterise the solution. Our first main result is as follows. Theorem 1.1. Let (L t ) −∞<t<0 be an ancient exact almost calibrated solution to LMCF in C n with uniformly bounded area ratios and uniformly bounded Lagrangian angle, see (3.1) . Suppose a blow-down (L ∞ s ) −∞<s<0 of (L t ) −∞<t<0 is a pair of multiplicity one transverse planes P 1 ∪ P 2 . Then either (a) L t = P 1 ∪ P 2 for all t < 0, or (b) up to rigid motions, L t is a Lawlor neck for all t < 0.
For the definition of a solution being exact see Definition 2.1. For the definition of a Lawlor neck, see Example 2.24.
The next result rules out a blow-down which is the simplest known non-planar special Lagrangian cone. Theorem 1.2. Let (L t ) 0≤t<T be an almost calibrated solution to LMCF with uniformly bounded area ratios in a Calabi-Yau 3-fold, with a singularity at T . The blow-down of a Type II blow-up cannot be the Harvey-Lawson T 2 -cone C, see (2.28).
If n = 2 we may use the algebraic structure of special Lagrangians to yield an improved result, allowing also some higher multiplicity of the blow-down. Theorem 1.3. Suppose that (L t ) −∞<t<0 is an ancient almost calibrated solution to LMCF in C 2 satisfying (3.1) whose blow-down is a plane P with multiplicity two (with a single Lagrangian angle). Then either (a) L t = P for all t < 0, or (b) up to rigid motions, L t is a special Lagrangian given by Example 2.23 for all t < 0.
Note that this yields a unique model, describing how, in the almost calibrated case, LMCF can develop double density planes as tangent flows. The proof of these results requires several steps, which are of independent interest. We describe these steps in the following overview of the paper.
We recall some basic definitions in Section 2. In Section 3, we provide the proofs of a Neves-type structure theory for blow-downs of ancient solutions, which follows with only minor modifications from [14, 17] . In Section 4 we apply these results to almost calibrated ancient solutions to show that if a blow-down is a pair of planes with different angles, then L t is a stationary pair of planes for all t < 0 (cf. [15, Corollary 4.3] ). We additionally show that if the blow-down of the ancient solution is special Lagrangian, then the ancient solution is already a stationary special Lagrangian, see also [17] . The first theorem follows after applying the rigidity results of Imagi, Joyce and Oliviera dos Santos [9] for Lawlor necks. However, to apply these results we have to weaken the asymptotics assumed in [9] . For this step we have to improve sub-linear decay to the asymptotic cone to decay like O(r α ), where r is the distance from the origin and α ∈ (0, 1). This is achieved by an optimal Lojasiewicz-Simon inequality following an argument similar to Simon's proof of the uniqueness of tangent cones with isolated singularities, see [18, Section 7] . This is done in Section 5.
As our main source of ancient solutions is Type II blow-ups, we also include a result based on an idea by Cooper [2] which restricts the topology of such blow-ups: Proposition 7.1 states that any Type II blow-up must be exact and zero-Maslov. The work of Imagi [8] shows that any special Lagrangian smoothing of the HarveyLawson T 2 cone is non-exact, which then implies Theorem 1.2. The third theorem follows from the observation that special Lagrangians are hyperkähler rotations of complex curves which may be written as the zero sets of polynomials, the degree of which is determined by the number of planes in the blow-down counted with multiplicity. The details of these results are contained in Section 6.
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Preliminaries
We start with some basic material that will be useful throughout the article.
2.1. Lagrangians and special Lagrangians. Let C n be endowed with its standard complex coordinates z j = x j + iy j , for j = 1, . . . , n, complex structure J, Kähler form ω = n j=1 dx j ∧ dy j and holomorphic volume form Ω = dz 1 ∧ . . . ∧ dz n . Notice that the Liouville form (2.1) λ = n j=1 (x j dy j − y j dx j ) satisfies dλ = 2ω. Let L be a Lagrangian in C n ; that is, a (real) n-dimensional (smooth) submanifold of C n such that ω| L ≡ 0. This condition is vacuous for n = 1 (i.e. all curves are automatically Lagrangian), so we will always assume that n ≥ 2. Since λ| L is clearly closed, we have a special class of Lagrangians for which λ| L is exact.
As Ω| L is unit length, if L is oriented then there exists a phase function e iθ :
where vol L is the induced volume form on L. We can generalise this discussion from C n to whenever the ambient manifold is a Calabi-Yau n-fold, since one still has a Kähler form ω and a nowhere vanishing holomorphic volume form Ω. Definition 2.2. For a Lagrangian L in a Calabi-Yau n-fold with phase e iθ defined by (2.2), we call the (possibly multi-valued) function θ the Lagrangian angle of L. When θ is single-valued we say that L is zero-Maslov : this is equivalent to saying that the Maslov class in H 1 (L), which is proportional to [dθ], vanishes.
It is important to note that the mean curvature vector H and position vector x of an oriented Lagrangian L in C n with Lagrangian angle θ satisfy
where { } ⊥ is orthogonal projection onto the normal bundle of L. We observe the following consequences of (2.3), noting the first equation holds in any Calabi-Yau.
Lemma 2.3.
(a) A Lagrangian in a Calabi-Yau n-fold is minimal if and only if its Lagrangian angle is constant on connected components.
n is a cone if and only if λ| L = 0.
Remark 2.4. In (a), we view a Lagrangian L as the image of an immersion ι, and abuse notation by saying that a connected component of L is a connected component of its pre-image under ι. We will see the utility of this presently. In (b), by a cone we simply mean a set invariant under the action of dilations.
This leads us to an obvious special class of zero-Maslov Lagrangians: those for which the Lagrangian angle is constant. Definition 2.5. A Lagrangian L in a Calabi-Yau n-fold is special Lagrangian if the Lagrangian angle θ is constant. Equivalently, there is a constant θ such that (2.4) Im(e −iθ Ω| L ) = 0, which means (up to a choice of orientation) that θ = θ.
Remark 2.6. Special Lagrangians are calibrated (by Re(e −iθ Ω) for some θ) and so are area-minimizing (rather than just minimal). Moreover, this description allows us to define special Lagrangian integral currents, with a given Lagrangian angle.
Remark 2.7. Any oriented Lagrangian n-plane through 0 in C n is special Lagrangian, but the union of two such planes with different phases need not be special Lagrangian. In particular, it is well-known that the angle between a transversely intersecting pair of planes has to be sufficiently large for the union to be areaminimizing (see e.g. [13] ). In fact, in this case the difference between the angles must be a multiple of π for the union to be special Lagrangian with the same phase.
Remark 2.7 shows that even though a pair of intersecting planes is connected, the Lagrangian angle can take different values on each plane, which justifies the conventions in Remark 2.4.
It is important to notice that 2-dimensional special Lagrangians have an exceptional character, since Calabi-Yau 2-folds are hyperkähler (see, e.g. [13] ). There is another important class of Lagrangians we shall study, defined as follows. Definition 2.9. A Lagrangian L in a Calabi-Yau n-fold with Lagrangian angle θ is almost calibrated if there is a constant ǫ > 0 so that (2.5) cos θ ≥ ǫ.
Notice that an almost calibrated Lagrangian is clearly zero Maslov.
The Lagrangian angle of almost calibrated Lagrangians can be chosen to lie in (− π 2 , π 2 ), so they are potential candidates to be deformed to special Lagrangians with Lagrangian angle 0.
Finally, in C n , we have an important class of Lagrangians in symplectic topology, which will also play a role in the Lagrangian mean curvature flow.
where θ is the Lagrangian angle of L.
2.2.
Lagrangian mean curvature flow. Mean curvature flow in a Calabi-Yau n-fold (and thus in C n ) preserves the Lagrangian condition, thus leading to the notion of Lagrangian mean curvature flow (LMCF). The critical points of this flow are exactly (unions of) special Lagrangians and the flow also preserves the classes of exact, zero-Maslov and almost calibrated Lagrangians. Therefore, given a solution (L t ) t∈I of LMCF we will let λ t = λ| Lt and let θ t be the Lagrangian angle of L t .
Two fundamental concepts in the study of mean curvature flow are that of blowup and blow-down. We define two types of blow-ups. Definition 2.11. Let (L t ) 0≤t<T be a solution to LMCF in C n and let x 0 ∈ C n . For a positive sequence σ i → ∞, we define the (centred or Type I ) blow-up sequence at (
i T ≤s<0 always subconverges weakly (i.e. as a Brakke flow) as i → ∞, by [7, Lemma 8] , to a limit flow L ∞ s in C n for all s < 0, which is called a tangent flow at (x 0 , T ). A solution to LMCF which is defined for all times in (−∞, T 0 ) for some T 0 is called an ancient solution: we will always take T 0 = 0.
More generally, let (L t ) 0≤t<T be a solution to LMCF in a Calabi-Yau n-fold M and let x 0 ∈ M . If g is the Calabi-Yau metric on M , then for a positive sequence
M with the flat metric as i → ∞. We then define the tangent flow at (x 0 , T ) by taking the limit of the sequence (L
: again, the tangent flow will always exist as a Brakke flow and will give an ancient solution (L
Definition 2.12. Let (L t ) 0≤t<T be a solution to LMCF in C n . Suppose that we have a sequence (x i , t i ) ∈ C n × (0, T ) such that t i → T and, if A t is the second fundamental form of L t we have (2.6)
We then define the Type II blow-up sequence by In a Calabi-Yau n-fold we adopt the same procedure, now using pointed convergence of the sequence of manifolds (M, σ 2 i g, x i ). Remark 2.13. (i) Definitions 2.11 and 2.12 are related to a well-known dichotomy when studying singularities in mean curvature flow. At a singularity at time T we know that sup Lt |A t (x)| → ∞ as t ր T . We say that the singularity is Type I if
and we say it is Type II otherwise (see e.g. [6] ).
(ii) To construct a Type II blow-up and all the consequences thereof it is sufficient that the points x i stay in a bounded set and that there exists a monotone sequence of radii R i → +∞ and a constant C 0 such that
This is often helpful if one only wants to take a local supremum of the curvature.
We now define the blow-down of an ancient solution to LMCF.
Definition 2.14. Let (L t ) −∞<t<0 be an ancient solution to LMCF in C n and we assume that it has uniformly bounded area ratios, i.e. there exists C > 0 such that
and the corresponding blow-down (L ∞ s ) −∞<s<0 of (L t ) −∞<t<0 is a subsequential limit of the sequence (L i s ) −∞<s<0 , which is again an ancient solution to LMCF. A key tool in studying mean curvature flow, and thus LMCF, is the following. Definition 2.15. Given (x 0 , l) in C n × R, we consider the backwards heat kernel
We will also sometimes write Φ(
Given a Lagrangian L in C n , x 0 ∈ C n and l > 0, we have Gaussian density ratios
Given a solution (L t ) t∈I to LMCF, we will let Θ t be the Gaussian density ratios of L t .
Using (2.3), Huisken's monotonicity formula [5] implies that for a solution L t of LMCF and functions f t : L t → R:,
for t < l and when these integrals are well-defined (e.g. in the non-compact setting, when L t have uniformly bounded area ratios and f t have at most polynomial growth at infinity). The monotonicity formula (2.12), and other considerations, motivates the study of the following ancient solutions which are solitons or self-similar solutions.
A self-shrinker is an ancient solution and simply moves by dilations under the flow, shrinking to a cone at
Here, as L t is defined for all t ∈ R it is an eternal solution, and moves by translations in the direction given by Jα ♯ .
Remark 2.17. If we assume that L t has bounded area ratios, then any tangent flow and any centred blow-down will be self-shrinkers (in a weak sense) by (2.12).
We make an observation, which follows immediately from the definitions.
Lemma 2.18. Lagrangian self-shrinkers are monotone for each t. In particular, L t is zero-Maslov if and only if it is exact.
Another consequence of (2.12) is that along LMCF we have
The quantities dθ t and λ t satisfy evolution equations as follows (see e.g. [15] ).
The evolution equation for dθ t holds in any Calabi-Yau n-fold. A crucial property of zero-Maslov LMCF then follows from Lemma 2.19.
t∈I is a zero-Maslov solution to LMCF in a Calabi-Yau nfold, then the Lagrangian angles θ t can be chosen to satisfy
This evolution equation immediately implies that the almost calibrated condition (2.5) is preserved under LMCF. Moreover, given any y ∈ R and m ∈ Z, we have
If (L t ) t∈I is a solution to LMCF in C n consisting of exact Lagrangians, then we may write λ t = dβ t for functions β t : L → R. If, furthermore, the L t are zero-Maslov, then the β t satisfy a good evolution equation, again by Lemma 2.19 Lemma 2.21. If (L t ) t∈I is an exact zero-Maslov solution to LMCF in C n , then the functions β t may be chosen so that
Combining (2.14) and (2.16) shows that
2.3. Examples. We now look at some important examples of ancient solutions, specifically some special Lagrangians, self-shrinkers and translators in C n .
2.3.1. Lawlor necks. The simplest possible singularity model is a transversely intersecting pair of planes, so it is important to know how to resolve such a singularity. In C 2 , one sees easily which pairs of planes are special Lagrangian and their special Lagrangian smoothings via Lemma 2.8, since we may appeal to complex geometry. Example 2.22. Up to changes of complex coordinates, there is only one pair of transverse complex planes in C 2 , namely that defined by
This has a unique family of complex smoothings, given by
for c ∈ C \ {0}. Performing a hyperkähler rotation, if we let c = a + ib for (a, b) ∈ R 2 \ {(0, 0)}, we find special Lagrangians (with Lagrangian angle 0) (2.20)
which are embedded, diffeomorphic to S 1 × R and asymptotic to P 0 ∪ P π
2
, where
It is elementary to see that
(a) for a > 0 is SO(2)-invariant and is called the Lagrangian catenoid.
By varying complex coordinates we see that the pairs of transverse special Lagrangian planes are given by P 0 ∪ P φ for φ ∈ (0, π). One can follow the construction above to find a 2-parameter family of special Lagrangians L φ (a+ib) with Lagrangian angle 0 asymptotic to P 0 ∪ P φ so that L φ (a + ib) is exact if and only if b = 0.
By the theory of resolution of singularities for complex curves, the L φ (a + ib) are (up to rigid motions) the unique special Lagrangians in C 2 which converge weakly to the pair of planes P 0 ∪ P φ , which are not the pair of planes itself.
Further examples of special Lagrangians in C 2 will appear in our study.
After a hyperkähler rotation we get special Lagrangians (with Lagrangian angle 0)
which are embedded, diffeomorphic to R 2 , exact and asymptotic to P π 2 as given in (2.21) with multiplicity two.
The exact special Lagrangians in Example 2.22 can be extended to higher dimensions.
we let φ = (φ 1 , . . . , φ n−1 ) and define a special Lagrangian plane (with Lagrangian angle 0) in C n by (2.25)
There is a 1-parameter family of exact, embedded special Lagrangians L φ (a) in C n for a ∈ R \ {0}, which are diffeomorphic to S n−1 × R and asymptotic to P 0 ∪ P φ where P 0 = R n . The L φ (a) are called Lawlor necks and the case where φ j = π 2 for all j gives an SO(n)-invariant special Lagrangian, also often called the Lagrangian catenoid in C n . For n = 2, they coincide with the L φ (a) given in Example 2.22.
By [9] , up to rigid motions, Lawlor necks in C n for n > 2 are the unique embedded, exact, special Lagrangians asymptotic to P 0 ∪ P φ in the sense that, outside some compact set they may be written as the graph of a normal vector field v on the pair of planes so that, for some ρ < 1,
where r is the radial coordinate in the planes. Furthermore, if we allow for immersed, exact, special Lagrangians the only additional possibility is the pair of planes itself. For n = 2, the work of [9] does not apply, but (as we have remarked) a stronger uniqueness holds which does not require (2.26).
2.3.2.
Grim reaper and Joyce-Lee-Tsui translators. We recall that any curve γ in C is Lagrangian, and therefore γ × R is Lagrangian in C × C = C 2 .
Example 2.25. The grim reaper curve
2 )} has Lagrangian angle taking all values in the range (− π 2 , π 2 ), so this is zero-Maslov but is not almost calibrated. This defines a translator whose blow-down is a multiplicity two line. Therefore γ × R is a zero-Maslov but not almost calibrated translator in C 2 whose blow-down is a multiplicity two plane.
A surprising fact is that we can actually have almost calibrated translators.
Example 2.26. For n > 2, given ψ ∈ (0, π) and φ 1 , . . . , φ n−2 ∈ (0, π) such that
we let φ n = 0 and let φ = (φ 1 , . . . , φ n ). For n = 2, we let φ 1 = ψ and φ 2 = 0. Joyce-Lee-Tsui [11] constructed examples of embedded Lagrangian translators L φ (ψ) in C n diffeomorphic to R n whose Lagrangian angle takes values in (0, π − ψ), so they are almost calibrated and exact. Notice that by taking ψ close to 0 the oscillation of the Lagrangian angle of L φ (ψ) can be made arbitrarily small. The 1-form α defining the translating direction of L φ (ψ) is a multiple of dx n , where the multiple goes to 0 as ψ → 0.
The blow-down of L φ (ψ) is P 0 ∪P φ in the notation of (2.25), so they are two multiplicity one Lagrangian planes intersecting along a line (given by the x n -direction), with different Lagrangian angles: one has angle 0 whilst the other has angle ψ.
Harvey-Lawson T
2 -invariant special Lagrangians. In [4] , Harvey and Lawson constructed special Lagrangians in C n invariant under the action of the maximal torus in SU(n) for n ≥ 3. We only consider here the case n = 3.
is an embedded special Lagrangian in C 3 , with Lagrangian angle 0, diffeomorphic to S 1 × R 2 , and asymptotic at infinity to the special Lagrangian T 2 -cone
The special Lagrangians L j (a j ) are not exact: in fact, the integral of λ around the generator of the S 1 in L j (a j ) is proportional to a j . The cone C is the simplest known non-planar special Lagrangian cone.
Blow-downs of ancient solutions
We show that blow-downs of zero-Maslov ancient solutions to LMCF in C n are finite unions of special Lagrangian cones (with possibly different phases). We further show that if the ancient solution is exact (and almost calibrated for n > 2), then the blow-down of connected components of the flow intersected with a ball is contained in a single cone. This is the analogue of the structure theory of Neves [14] for blow-ups of singularities of zero-Maslov LMCF, and the proofs are essentially the same. Consequently, we only sketch the main points, and highlight any differences.
3.1. Assumptions. Throughout we assume that (L t ) −∞<t<0 is a zero-Maslov ancient solution to LMCF in C n . We will assume that there is a bound on the area ratios and Lagrangian angle as t → −∞; that is, there exists a constant A 0 > 0 such that
By (2.12) and (2.14), the bounds (3.1) lead to uniform bounds on the area ratios and Lagrangian angle of L t for all t, see for example [14, Lemma B.1] .
We shall take a blow-down sequence (L 3.2. Zero-Maslov structure theorem. We first recall a structure theorem for zero-Maslov blow-downs of ancient solutions to LMCF in C n . For n = 2 this is included in [17, Theorem 3.1]. The result is analogous to [14, Theorem A] and the proof is almost identical; we include it for completeness. Theorem 3.1. Let (L t ) −∞<t<0 be a zero-Maslov ancient solution to LMCF in C n satisfying (3.1). For any blow-down sequence (L i s ) −∞<s<0 as in (2.9), there exists N ∈ N and special Lagrangian cones C j with distinct Lagrangian angle θ j for j = 1, . . . , N such that, after passing to a subsequence, for all φ ∈ C ∞ c (C n ), f ∈ C 2 (R) and s < 0 we have
where µ j and m j are the Radon measures and multiplicity of the support of C j . Furthermore, the set {θ j : j = 1, . . . , N } of angles does not depend on the sequence of rescalings chosen in (2.9).
Here, by a special Lagrangian cone we mean a special Lagrangian integral current which is invariant under dilations. This result states that any blow-down of L t is a union of special Lagrangian cones, and the Lagrangian angles of these cones are independent of the blow-down sequence (though the cones themselves could vary).
Proof of Theorem 3.1. By the assumptions (3.1) we may apply (2.12) to L i s , where we choose the functions f = θ 2 and f = 1. Using the evolution equation (2.15), we can argue just as in [14, Lemma 5.4 ] that the following holds.
Lemma 3.2. For any −∞ < a < b < 0 and any R > 0, we have
We may now choose a < 0 such that 
There exists N ∈ N, special Lagrangians integral currents C j with Lagrangian angle θ j for j = 1, . . . , n such that, after passing to a subsequence, for all φ ∈ C ∞ c (B R ) and f ∈ C(R) we have
where µ j and m j are the Radon measure and multiplicity of the support of C j .
We deduce from Proposition 3.3, after a diagonalisation argument, the existence of special Lagrangian integral currents C j with Lagrangian angle θ j for j = 1, . . . , N so that (3.2) holds for s = a. We also note that (3.4) implies that λ| Cj ≡ 0 and hence, by (2.3), the C j are cones. Furthermore, arguing just as in [14] , we have that (3.4) in fact must now hold for all s < 0.
Finally, the fact that the set of angles does not depend on the blow-down sequence follows from the monotonicity formula (2.12) with function (θ t − y) 2m for y ∈ R and m ∈ Z, together with the evolution equation (2.15), just as in [14, p. 22-23] .
3.3. Exact and almost calibrated structure theorem. We now extend our structure theory for blow-downs of ancient solutions to LMCF to the exact and almost calibrated setting. This is the analogue of [15, Theorem 4.2] , which is a refinement of [14, Theorem B] (but with the same proof), and again the proof of the result here is almost the same.
In addition to our standing assumptions in subsection 3.1, we will further assume the flow (L t ) −∞<t<0 is exact, which means there exist functions β t : L t → R such that
and that there exists ǫ > 0 such that the Lagrangian angles θ t satisfy (3.6) lim inf
which implies that L t is almost calibrated for all t by (2.14). Moreover, (3.6) also holds for the angles θ i s of the blow-down sequence L i s , and the analogue of (3.5) holds for some functions β i s . Remark 3.4. The almost calibrated condition (2.5) is preserved along LMCF but we are not guaranteed in general a uniform ǫ as in (3.6) for an ancient solution with L t almost calibrated for all t.
We may view L t as the images of immersions ι t : L → C n for a fixed L.
Theorem 3.5. Let (L t ) −∞<t<0 be an exact and zero-Maslov ancient solution to LMCF in C n satisfying (3.1). If n > 2, we further assume that the almost calibrated condition (3.6) holds. Theorem 3.1 applies so we use the notation of that result.
For almost all
has ∂Σ i ∩ B 3R = ∅ and only one connected component of Σ i ∩ B 2R intersects B R then, after passing to a subsequence, we can find j ∈ {1, . . . , N } and m ≤ m j so that, for all φ ∈ C ∞ c (B R ) and f ∈ C 2 (R), we have Lemma 3.6. Suppose L is a smooth Lagrangian in C n with ∂L ∩ B R = ∅ and either n = 2 and for some sufficient small δ > 0 we have,
or n > 2 and there exists ǫ > 0 so that
There exists a constant
for all open U ⊆ L ∩ B R with rectifiable boundary. 
with rectifiable boundary and all i ∈ N;
Then, there exists α ∈ R such that after passing to a subsequence, we have
Lemma 3.8 and Proposition 3.3 then imply there exist N , distinct pairs (β j , θ j ) and special Lagrangian cones C j with Lagrangian angle θ j for j = 1 . . . , N so that
for all φ ∈ C ∞ c (C n ) and f ∈ C 2 (R), where m j and µ j are the multiplicity and Radon measures of the support of C j . We may further assume that the numbers β j − 2(s 0 + 1)θ j are distinct.
Applying Proposition 3.3 to Σ i ∩ B 2R , we obtain a stationary (but a priori not special) Lagrangian cone Σ with Radon measure µ Σ so that Σ i converges weakly to Σ on B R . We now argue that H n (Σ) > 0. There exists a sequence x i ∈ Σ i ∩ B R , which we may assume converges to some x ∈ B R . Due to upper semicontinuity, the Gaussian density ratios of Σ satisfy Θ(x, l) ≥ 1. Since Σ may be considered as a stationary Brakke flow, we see that for some φ ∈ C 
We deduce from (3.7), (3.8), (3.9) and (3.10) that
By varying f and φ, we deduce that β = β j − 2(s 0 + 1)θ j for some unique j and hence Σ = m C j with m ≤ m j . Moreover, since Σ arises from a limit of Σ i ⊆ L i s0 , we can relate C j and m j to some C j and m j as given by Theorem 3.1.
Stationary ancient solutions
We show that for certain blow-downs to occur for a class of zero-Maslov ancient solutions to LMCF in C n , the flow must in fact be stationary. Proposition 4.1. Let (L t ) −∞<t<0 be an exact, zero-Maslov ancient solution to LMCF in C n satisfying (3.1). If n > 2, we also assume the almost calibrated condition (3.6). Suppose that a blow-down (given by Theorem 3.1) is a union of multiplicity one planes P j , which pairwise intersect transversely, and which have distinct Lagrangian angles θ j for j = 1, . . . , N . Then L t = ∪ N j=1 P j for all t < 0. Since the proof of [15, Corollary 4.3] is only sketched, we provide the full proof of Proposition 4.1 in the case n = N = 2 as the general case is proved in an entirely similar manner. The idea is to use Theorem 3.5, together with the non-existence of compact embedded exact Lagrangians in C n , to show that the intersection of the blow-down sequence with a large fixed ball eventually consists of exactly two components. White's regularity theorem then yields a uniform curvature bound for the blow-down sequence in this ball. Rescaling this curvature estimate forces the flow to be totally geodesic, and hence it must equal the union of planes.
Proof of Proposition 4.1. For simplicity, we assume that n = N = 2. We begin with an elementary observation.
dy + e We may therefore apply White's regularity theorem [24] to obtain that (for any fixed K > R 0 ) in the annulus A(R 0 , K) := B K (0) \ B R0 (0), the C 2,α norm of L i s is uniformly bounded for all s ∈ [−1, 0). We now show that, in this annulus, L i s has two components which are graphs over P 1 and P 2 for i large. which are graphical over P 1 ∩ A(R 0 , K) and P 2 ∩ A(R 0 , K) respectively.
Proof. Suppose first that there exists a sequence of points
Due to the uniform
s that may be written graphically over T x i L i s and is disjoint from a 2ǫ-tubular neighbourhood of P 1 ∪ P 2 . Hence, there is some c > 0 so that Suppose for a contradiction that for small ǫ > 0 to be determined (and depending only on the C 2,α estimate), i has been chosen large enough so that 
By convergence in Radon measure, we have that for all s ∈ [−1, 0),
By subadditivity, 
Special Lagrangian blow-downs.
We show that, if (L t ) −∞<t<0 is an ancient solution to LMCF in C n satisfying (3.1) which is almost calibrated, and some blow-down is a special Lagrangian cone (meaning that it has just one Lagrangian angle), then L t is itself special Lagrangian (and thus stationary). Proposition 4.5. Let (L t ) −∞<t<0 be an ancient solution to LMCF in C n which is zero Maslov and satisfying (3.1). Assume further that the Lagrangian angle satisfies
for some ε > 0. Suppose that for some blow-down sequence (L i s ) −∞<s<0 as in (2.9) we have that (L i s ) −∞<s<0 converges to a special Lagrangian cone C with Lagrangian angle θ as varifolds as i → ∞. Then (L t ) −∞<t<0 is special Lagrangian with Lagrangian angle θ.
Proof. The monotonicity formula (2.12) together with the evolution equation (2.15) for the Lagrangian angle θ t implies that i L σ 2 i t → C in the varifold sense. We now consider the (oriented) angle function θ on the Grassmanian of oriented Lagrangian planes in C n , where we choose the values of θ to lie in [0, 2π). Note that θ is not continuous, but we can define a function
Note that ψ(θ) = θ for θ ∈ [ε, 2π − ε] and ψ(θ) is a continuous function on the Grassmanian of oriented Lagrangian planes in C n . Since L t satisfies (4.3) we can replace θ t by ψ(θ t ) in (4.4). The convergence (4.5) as varifolds and the decay of the heat kernel implies that (4.6) lim t→−∞ Lt
Combining (4.4) and (4.6), we have θ t ≡ θ as required.
Remark 4.6. The product L of a grim reaper curve with R as in Example 2.25 is an ancient (in fact, eternal) solution to LMCF in C 2 which is not special Lagrangian, but whose blow-down is a multiplicity two special Lagrangian plane for s < 0, a multiplicity two special Lagrangian half-plane for s = 0 and vanishes for s > 0. This shows that Proposition 4.5 is sharp since the Lagrangian angle of L satisfies 0 < θ < 2π but it does not satisfy (4.3).
Asymptotics for minimal submanifolds
We obtain asymptotics for minimal submanifolds with planar blow-downs via an optimal Lojasiewicz-Simon inequality, and methods from [18] . As a consequence, we strengthen the uniqueness result for Lawlor necks in [9] . We believe that our results here could also be proved using methods from [1] .
Main results.
Throughout this section we let L be a minimal n-dimensional submanifold of R n+k with bounded area ratios, i.e. satisfying (2.8). Since the area ratios are bounded, we can consider a tangent cone L ∞ of L at infinity, and we let Σ = L ∞ ∩ ∂B 1 . We assume that L ∞ is a multiplicity one minimal cone that is smooth outside the origin, which ensures that L ∞ is unique (by [18] ), and that L ∞ is Jacobi integrable, i.e. the Jacobi fields on Σ, as a minimal submanifold of ∂B 1 , are integrable. Our main result here is the following, where r denotes the distance from 0 in R n+k .
Theorem 5.1. Let L n ⊆ R n+k be a minimal submanifold with bounded area ratios. Suppose that a blow-down L ∞ of L is a multiplicity one cone which is smooth away from 0 and Jacobi integrable. There exists R > 0 such that L \ B R may be written as a graph of a normal vector field v over L ∞ with |v| ≤ Cr α for some α ∈ (0, 1) and C > 0.
Remark 5.2. If we drop the Jacobi integrable assumption on L
∞ we obtain the same statement but with the weaker decay estimate |v| < C r log p r for some p > 0. Since planes are Jacobi integrable (implicitly shown in [1] , for example), Theorem 5.1 and the work in [9] , as explained in Section 2, implies we can strengthen the known uniqueness statement for asymptotically planar special Lagrangians.
Theorem 5.3. Let L be a smooth, exact, special Lagrangian in C n with bounded area ratios. Suppose that a blow-down of L is a pair of transversely intersecting multiplicity one planes. Then, up to rigid motions, L is either a Lawlor neck as in Example 2.24 or the pair of planes.
Remark 5.4. This shows that the uniqueness statement one obtains for n = 2 using complex geometry, as explained in Section 2, extends to all dimensions.
5.2.
Monotonicity. Since L n ⊆ R n+k is minimal, if µ is the measure associated to L and D ⊥ is the projection of the Euclidean derivative to the normal bundle of L, we have the following monotonicity formula:
From (5.1) and (2.8), we have
Equation (5.1) and the co-area formula imply that for almost all ρ ∈ (0, ∞),
Energy. Following the notation in [18, Section 7], we say that L is a graph of
In practice, it easier to work with logarithmic polar coordinates and view h in terms of a normal vector field u on Σ × (log σ, log ρ):
where t = log r. We will write the restriction of u to Σ at fixed t as u(t)(·) = u(·, t). For a section v of the pullback of (T L ∞ ) ⊥ to Σ of small C 1 norm, we define an energy via
where J is chosen, as in [18, Section 7] , so that if u(t) C 1 (Σ) is sufficiently small,
The energy E is uniformly convex for v C 1 (Σ) sufficiently small. Observe that
We define the elliptic operator M = −grad E on Σ. The Jacobi integrability of L ∞ implies we may apply [20, Lemma 1 on p. 80] to obtain an optimal LojasiewiczSimon inequality, namely there exists σ > 0 such that if |u| C 3 (Σ) < σ then 
and a, b, c, d are smooth functions which vanish when u, ∇u andu are 0. 
( 5.12) 5.4. Extension lemma. We now prove the following extension lemma.
is a graph ofũ, which is an extension of u such that
Proof. By changing scale, we may assume that τ = 0. Furthermore, (5.3) implies
Suppose the lemma is false. Then there exists a sequence of minimal
) cannot be written as G 1,e β (h) for anyh such that ũ C 3 < σ, whereũ andh are related as in (5.6). By (5.13) we may take a subsequence (also written L k ) which converges to some varifold V . On B e \ B 1 , V must have density equal to 1 and support equal to L ∞ . Due to the convergence of the h k ,
and V equals L ∞ on B e \ B 1 . However, due to (5.3) and (5.4),
and so we see that
i.e. V is a unit density cone. Allard's regularity theorem (see, e.g. [19, Chapter 5] ) then implies that for sufficiently large k, L k is a graph on B e β \ B 1 , with arbitrarily small C 3 norm, a contradiction.
5.5. Growth estimates. We want to estimate the growth of
Using the Lojasiewicz-Simon inequality (5.9), we obtain the following.
is the graph of u with |u| C 3 (Σ×[ρ,ρ+1]) < σ then there is a constant C(Σ) so that
Proof. Applying (5.4) to (5.3), and using (5.8) we see that for almost every ρ,
We now choose σ sufficiently small so that (5.9)-(5.12) hold. We see that
Now (possibly making σ smaller) we may finally estimate the R term to give
If we differentiate (5.10) with respect to t we see that Lu = 0 where L is linear and uniformly elliptic. Hence, we may use elliptic estimates in (5.14) and inequality (5.12) to yield the claimed result.
We have the following corollary of Lemma 5.6. Corollary 5.7. Let σ be as in Lemma 5.6. Suppose that for 0 < ρ < τ ,
There exist positive constants c 1 , c 2 , C depending on Σ such that for all κ ∈ [ρ, τ ] 
We are now able to apply Lemma 5.5 to extend u toũ on Σ × [ρ 2 , ρ 2 + 3] such that ũ C 3 (Σ×(ρ2,ρ2+3)) < σ. Moreover, (5.16) implies that, for any t ∈ (ρ 2 , ρ 2 + 3),
We may therefore apply Lemma 5.5 again and iterate to see that u may be extended to Σ × (ρ 2 , ∞), such that u C 3 (Σ×(ρ2,∞)) < σ.
We now obtain asymptotics for u. By Arzelà-Ascoli and Schauder estimates, there exists a sequence t i → ∞ such that u(t i ) → w smoothly. We deduce from (5.16) that u(t) → w smoothly (since I(ρ) → 0 as ρ → ∞). Hence w ≡ 0, as otherwise the blow-down of L would not be L ∞ . Taking the limit in (5.16) gives
Recalling that r = e t , we see that |h| ≤ Cr 1−c2 which implies Theorem 5.1.
Special Lagrangian surfaces
We saw in Lemma 2.8 that special Lagrangians L in C 2 are hyperkähler rotations of holomorphic curves. Here we show that if L has bounded area ratios (i.e. satisfies (2.8)) then it is a hyperkähler rotation of an algebraic curve. This implies that the structure of the blow-down of L (which is a union of planes) determines an explicit, finite-dimensional set of possibilities for L given by zero sets of polynomials, and we can bound the total curvature of L by a quadratic in d.
Our methods further allow us to classify special Lagrangians with bounded area ratios in C 2 with a blow-down given by two planes counted with multiplicty.
6.1. Algebraic curves. An algebraic curve C P ⊆ C 2 is the zero set of the polynomial P (x, y), that is
where, for some c ij ∈ C,
We say that a non-constant polynomial P is irreducible if it cannot be written as a product of two non-constant polynomials. It will be useful to write P in the form (6.2)
where each P j is a homogeneous polynomial of degree j for 0 ≤ j ≤ d. We may then identify P (x, y) with a homogeneous polynomial in three variables defined bỹ
Observe thatP is irreducible if and only if P is. SinceP is homogeneous, given an algebraic curve C P ⊆ C 2 , we can define the projective compactificatioñ
of C P , which is an algebraic curve in CP 2 . We define its points at infinity to bẽ
Bezout's theorem implies that ifP is irreducible thenC ∞ P is a finite set (unlessP is a multiple of z).
We let Sing(CP ) denote the singular points of an irreducible projective curveCP ; i.e. the points [x, y, z] onCP such that
Similarly, we let Sing(C P ) denote the singular points of an irreducible algebraic curve C P . Even when Sing(C P ) = ∅, Sing(CP ) may be non-empty. We therefore say that C P has no singularity at infinity if Sing(CP ) ∩C
6.2. Algebraic properties of special Lagrangian surfaces. We first make the following key observation.
Proposition 6.1. Suppose that L is a special Lagrangian with bounded area ratios in C 2 . Then after a hyperkähler rotation, L is an algebraic curve.
Proof. Lemma 2.8 states that after a hyperkähler rotation, L is a holomorphic curve C. Since we have assumed that L satisfies (2.8), we may now apply [22, Theorem 3] (in that paper V (r, M ) = M∩Br (0) dH 2 ), which implies that C is algebraic.
We say L is represented by an algebraic curve C P if C P and L are equal as subsets of C 2 . Recall the definition of connected components in Remark 2.4.
Lemma 6.2. Let L be a connected special Lagrangian with bounded area ratios in C 2 . Then L may be represented by C P where P is irreducible.
Proof. Suppose, for a contradiction, that L is represented by C P where P = l j=1 Q j for Q j irreducible and degree at least one for j ∈ {1, . . . , l}, and suppose, without loss of generality, that there is no representation with P of lower degree. By Bezout's theorem either there exists i, j ∈ {1, . . . , l} such that C Qi ⊂ C Qj or for all i, j ∈ {1, . . . , l} with i = j, C Qi ∩ C Qj = E ij where E ij is a finite set of points.
In the first case, L is represented by C P where P = P Qi . As P has lower degree, this is a contradiction.
In the second case, let E be the union of the E ij . For all j ∈ {1, . . . , l}, C Qj is closed in C P , hence ι
Since ι is an immmersion and E is a discrete set of points,
. This contradicts connectedness if l > 1.
By Lemma 6.2, we may now restrict to irreducible polynomials P . By (6.2), for any P of degree d, we may write P = P d + Q where Q is of at most degree d − 1. Clearly if both |x| and |y| are large, P d will dominate Q. We will show that P d corresponds to the blow-down of C P .
For P in (6.1) and λ > 0 we consider the scalings λC P . Notice λC P = C P λ , where
An easy lemma [12, Lemma 2.8] implies there exists a positive integer D ≤ d and,
where there does not exist µ ∈ C such that µ(α j , β j ) = (α k , β k ) for j = k. Hence, C P d is a union of D transverse planes with multiplicities m j for j = 1, . . . , D and (6.5)
where Q λ is a polynomial with coefficients which are bounded as λ → 0. We now have the following, where we observe that we may associate a Radon measure µ P to C P : for any Borel set S ⊂ C 2 ,
where m x (P ) is the multiplicity of the zero of P at x. Proposition 6.3. Suppose that P is irreducible and written as P = P d + Q where P d is homogeneous of degree d and Q is of degree at most d−1. Then λC P → C P d in the sense of Radon measures as λ → 0; i.e. the blow-down of C P is C P d . Moreover, locally away from the origin, λC P can be written as a multivalued graph over C P d which converges smoothly to 0 as λ → 0. Hence, writing P as in (6.5), the blow-down of C P consists of D transverse planes with multiplicities m j for j = 1, . . . , D, which determines P d up to scale.
Proof. We proceed in three steps.
Step 1: The limit Radon measure is supported on C P d .
Let B ⊆ C 2 be any Borel set with compact closure such that on B, |P d | > 0. By continuity there are positive δ, C depending on B and P such that on B, |P d | > δ and |Q λ | < C for all 0 ≤ λ < 1. Therefore, there is λ 0 (B) > 0 sufficiently small such that for all λ < λ 0 , |P λ | > δ 2 on B. The claim now follows.
Step 2: Outside a finite set E, C P may be locally written as a holomorphic graph over the planes in C P d . For P λ as in (6.5), for each j ∈ {1, . . . , D} we consider a change of complex coordinates (x,ŷ) in SU(2) such thatŷ = µ(α j x + β j y) for some µ ∈ R, and write P λ,j for P λ in these coordinates. We see that For some j, using coordinates (x,ŷ) as above, we write C 2 = C × C = Cŷ × Cx. We choose a simply connected open set B 1 ⊂⊂ Cŷ such that dist(B 1 , 0) = δ 1 > 0, and set B 2 = {ŷ ∈ Cx : |ŷ| < δ 2 } for some δ 2 > 0. We define B = B 1 × B 2 ⊆ C × C, and assume that δ 2 is sufficiently small so that B does not intersect any of the other planes in C P d . Since E is a finite set and 0 / ∈ B, we may choose λ < λ 1 (δ 1 , E) small enough such that λE ∩ B = ∅. We observe that in B,
Step 3: For λ < λ 2 (δ 2 , P, λ 1 ), λC P ∩ B may be written as a graph over the planes in C P d , and the graph functions converge smoothly to zero as λ → 0. Fixingx ∈ B 1 , each (x, 0) ∈ B is a root of P d of order m j . By continuity of the roots of polynomials with respect to change of coefficients, for λ < λ 2 (δ 2 , P ) < λ 1 small enough there are m j roots, counting multiplicity, of P λ,j (x,ŷ) in B. These roots are distinct and multiplicity one, since ∂P λ,j ∂ŷ = 0. The holomorphic implicit function theorem now implies that for λ < λ 2 , C P λ ∩ B is made up of m j disjoint holomorphic graphs over B 1 ⊂ Cŷ. As B ∩ {(x,ŷ) ∈ C 2 : |ŷ| > ǫ} is not contained in the support of C P d , Step 1 implies that these graph functions converge uniformly to Cŷ ∩ B as λ → 0. Standard properties of holomorphic functions imply that this convergence is smooth. Therefore, the area integrals converge on this region to m j H 2 (B ∩ Cŷ) and the claimed convergence follows.
Any Borel set S ⊆ C 2 \ {0} (up to a set of measure zero) is a countable union of Borel sets B as above, and a set outside the support of C P d , so the result follows.
A similar proof to Propostion 6.3 allow us to describe the blow-up of C P . Proposition 6.4. Suppose 0 ∈ C P and write P as in (6.2) . Suppose that k is the least such that P k = 0. Then, as Radon measures, λC P → C P k as λ → ∞.
We now observe that we can detect when L is embedded using Sing(C P ). Lemma 6.5. A connected special Lagrangian L with bounded area ratios in C 2 is embedded if and only if it may be represented by C P with Sing(C P ) = ∅.
Proof. By Lemma 6.2, we may assume that P is irreducible. If Sing(C P ) = ∅, the complex implicit function theorem [12 
Suppose that L is embedded and represented by C P . Suppose for a contradiction that (without loss of generality) 0 ∈ Sing(C P ). Writing P as in (6.2), we deduce that P 0 = P 1 = 0. Proposition 6.4 implies that blowing up C P around 0 converges to C P k where k ≥ 2. Applying [12, Lemma 2.8] implies that C P k contains k planes (counted with mulitplicity). However, C P is embedded, so the blow-up around any point is a single multiplicity one plane, which gives the required contradiction. Proposition 6.6. Let L be a connected special Lagrangian with bounded area ratios in C 2 . Suppose that a blow-down of L consists of d planes counted with multiplicity, and D planes counted without multiplicity, and that L has no singularities at infinity. Then
where equality holds if and only if L is embedded.
Proof. By Lemma 6.2, we haveCP ⊆ CP 2 defined by an irreducible polynomial of degree d, which is the projective compactification of C P representing L. We shall use Gauss-Bonnet and the minimality of L to obtain our total curvature bound, since we know that the Gauss curvature K of L satisfies 
where δ(p) is a positive integer associated to singular points as defined in [12, Definition 7 .35, Remark 7.36]. We deduce that
where κ g is the geodesic curvature of the boundary. Recall the rescalings P λ of P in (6.3) for λ > 0. Notice that the integrals in (6.9) are scale-invariant.
Consider a positive sequence λ j → 0 as j → ∞ and let U j = B 1 (0) ∩ C P λ j . Proposition 6.3 implies that, for j sufficiently large, C P λ j may be written locally graphically over the planes in the blow-down C P d , away from the origin. For j large enough, the boundary ∂U j may be divided into D components (not necessarily connected) according to which plane in C P d the graph defining U j locally converges. Choose one of the planes in C P d and rotate coordinates so that this plane is C y . Suppose that the multiplicity of C y in C P d is m and denote the component of ∂U j converging to C y byγ j . Then, due to the local convergence of U j ,γ j will converge locally smoothly to m copies ofγ(t) = (e it , 0). We therefore have that
Repeating the above for each plane in C P d , using (6.9) and scale-invariance gives (6.10)
Combining (6.7), (6.8) and (6.10) leads to
Since L has no singularities at infinity, each point at infinity ofCP corresponds to exactly one point in M , and so d ∞ = D. The claimed inequality (6.6) now holds. If we have equality in (6.6), then p∈Sing(C) δ(p) = 0 by (6.11). As δ(p) ≥ 1, this implies there are no singular points and so Lemma 6.5 yields the proposition.
We can now put our results together to give the following.
Theorem 6.7. Suppose that L is a connected special Lagrangian with bounded area ratios in C 2 with a blow-down consisting of d planes counted with multiplicity. Then, after a hyperkähler rotation, L may be written as the zero set of a complex polynomial of degree d. Furthermore,
where equality holds if and only if L is embedded and its blow-down is d distinct multiplicity one planes.
Proof. The first part follows from Proposition 6.1, Lemma 6.2, Proposition 6.3 and Lemma 6.5. The rest of the result follows almost exactly as in Proposition 6.6. The difference is that d ∞ given in the proof of that proposition is not precisely determined: instead we claim that d ∞ ≤ d. To see this, first notice that the proof of Proposition 6.3 implies there exists an R > 0 such that there can be at most d components to L \ B R . Recall the map π in the proof of Proposition 6.6. Observe that each sufficiently small neighbourhood U p of p ∈ π −1 (C ∞ P )) is such that π : U p \ {p} → π(U p \ {p}) is a bijection whose image is contained in a component of L \ B R . If d ∞ = #(π −1 (C ∞ P )) ≥ d, this would be a contradiction to the fact that π is biholomorphic away from singular points. The proposition now follows as in the proof of Proposition 6.6. 6.3. Degree 2. We now classify special Lagrangians satisfying (2.8) in C 2 whose blow-down is two planes P 1 , P 2 , counted with multiplicity (so P 1 can equal P 2 ). Theorem 6.8. Suppose that L is a special Lagrangian with bounded area ratios in C 2 with a blow-down consisting of two planes counted with multiplicity. Then, up to rigid motions, either (a) L is two planes, or (b) L = L φ (a + ib) given in Example 2.22 and L |A| 2 dH 2 = 8π, or (c) L = L(a + ib) given in Example 2.23 and L |A| 2 dH 2 = 4π.
Proof. We first suppose that L is connected. Proposition 6.1, Lemma 6.2, equation (6.5) and Proposition 6.3 imply that L may be represented by an algebraic curve C P where P is irreducible and may be written (where all coefficients are in C):
P (x, y) = (α 1 x + β 1 y)(α 2 x + β 2 y) + cx + dy + f.
Applying an SU(2) transformation, we can rewrite P as P (x, y) = x(ax + by) + cx + dy + e.
Suppose that L is not equal to the blow-down. We then split into two cases.
Case 1: b = 0. We may complete squares to yield P (x, y) = (x + db −1 )(ax + by + (c − db −1 a)) + e − db −1 (c − db −1 a).
We see that, after hyperkähler rotation, this is a translation of one of the special Lagrangians in Example 2.22. There are no singularities at infinity and two distinct planes in the blow-down, so Proposition 6.6 gives the formula for the total curvature.
Case 2: b = 0. As P is irreducible and L is non-planar we must have d = 0 and
2 . A short calculation shows that there is no singular point at infinity, but there is only one plane in the blow-down (counted without multiplicity). Proposition 6.6 then gives the total curvature of L. If L is not connected then, since it has bounded area ratios, it has a finite number of connected components L 1 , . . . , L k . Applying Proposition 6.1 and Lemma 6.2 to each L j , we get irreducible polynomials P j of degree d j ≥ 1 so that L j = C P j . Writing P j = P j dj + Q j as in (6.5), Proposition 6.3 implies that the blow-down of L j is determined by P j dj . Since L = k j=1 L j has a blow-down consisting of two planes (counted with multiplicity), we must have k j=1 d j = 2. As L is not connected, L must consist of two components of degree one, so L is a disjoint union of two parallel planes determined by its blow-down.
7. Applications 7.1. Topology of blow-ups. We begin with the following simple but important observation which allows us to utilize our structure theory, which is given in [2] . Proposition 7.1. Let (L t ) 0≤t<T be a solution to LMCF with uniformly bounded area ratios which has a singularity at time T . Let L ∞ s be a Type II blow-up of L t as given in Definition 2.12. Proof. For (a), the fact that the blow-up is a self-shrinker is a standard consequence of the monotonicity formula (2.12). Part (a) then follows by Lemma 2.18.
For (b), we may view L t as the image of a family of immersions ι t : L → L t for some fixed manifold L. We write L The left-hand side of (7.3) is finite, and γ i is a representative of a finite homology class, and so since σ i → ∞ and t i → T by assumption, we must have Similarly, (7.4) implies that γ i ι * 0 λ = 0 for i large, and so (7.3) and (7.5) force (7.7)
Γ λ = 0.
Since (7.6) and (7.7) hold for all such Γ, L ∞ s is exact and zero-Maslov. Proposition 7.1 has the following interesting consequence. 
